Fundamental gap problem in density-functional theory
Emmanuel Fromager
Laboratoire de Chimie Quantique, Université de Strasbourg, France
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The HOMO-LUMO gap can be interpreted in two ways.

 

εL − εH = E0N +1 − E0N + E0N −1 − E0N = Eg ← fundamental gap [charged excitations]
εL − εH = E1N − E0N = ωg
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← optical gap [neutral excitation]
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disorder, which leads to localization.
The band gap is dened as the energy diﬀerence between the
top of the valence band and the bottom of the conduction band.
Thus, rigorously speaking, it corresponds to the energy diﬀerence between the ionization potential and electron aﬃnity of
Materials
the material. The band gap is
also referred to as the transport
Horizons
gap since it represents the minimum
energy necessary to create
a positive charge carrier somewhere in the material (IP) minus
FOCUS
the energy gained by adding a negative charge carrier (EA)
elsewhere. The band gap or transport gap can be estimated
Mind the gap!

substantial electron–electron and electron–vibration interactions typical of p-conjugated materials. In contrast, in conventional inorganic semiconductor crystals, the exciton binding
energy is oen so small (a few meV) that at room temperature
optical excitation directly leads to the formation of free charge
carriers (and thus in these systems Eopt ! Etransport).
Finally, it is useful to mention that the solid-state values of
ionization potential andView
electron
aﬃnity are, in many instances,
Article Online
approximated experimentally via cyclic voltammetry measurements of the oxidation and reduction potentials carried out in
solution. Conversion factors, assessed on a limited set of systems,
Jean-Luc Bredasab
Cite this:Mater. Horiz., 2014, 1, 17
are then used to translate the redox potentials into solid-state
The energy gap between the highest occupied and lowest unoccupied electronic levels is a critical
ionization
The values
ionization potential and elecparameter determining the electronic,
optical, redox, energies.
and transport (electrical)
properties ofof
a material.
However, the energy gap comes in many ﬂavors, such as the band gap, HOMO–LUMO gap,
tron aﬃnity determined in this way have thus to be taken with
fundamental gap, optical gap, or transport gap, with each of these terms carrying a speciﬁc meaning.
Failure to appreciate the distinctions
among these
diﬀerent energy
gaps has caused
much confusion
in of several approaches to
much
caution.
Moreover,
given
the
use
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the literature, which is manifested by the frequent use of improper terminology, in particular, in the case
Accepted 3rd September 2013
of organic molecular or macromolecular
Thus, it is our
goal here to clarify
the meaning
of the to compare values from
the materials.
conversion
factors,
it is
diﬃcult
DOI: 10.1039/c3mh00098b
various energy gaps that can be measured experimentally or evaluated computationally, with a focus on
sources;
to applications.
minimize this issue, it is highly desirable
rsc.li/materials-horizons
p-conjugated materials of interestdiﬀerent
for organic electronics
and photonics
that, in addition to the estimated IP and EA values, the experielectrode
potentials
energies of the
N " 1-electron and
N-electron statesand
while thethe approximations and
It is useful to start our discussion at the molecular level. mental
Without losing generality, we will assume the most common, electron aﬃnity is the diﬀerence between the total energies of
in the
the N-electron and Nused
+ 1-electron
states.conversions
(It is interesting to be reported. (Oen, these
simple case of p-conjugated systems with a closed-shell, singlet assumptions
realize that the application of Koopmans’ ionization
theorem somehow potentials and electron
electronic ground state. Currently, in the organic materials cyclic-voltammetry-based
community, there is widespread use of readily available works for a number of systems because of a compensation of
errors related are
to neglecting
the impact upon vertical
ionization
quantum-chemistry computational codes based on the Hartree– aﬃnities
inappropriately
referred
to as “HOMO” and “LUMO”
Fock (HF) method or density functional theory (DFT). As a of both electron relaxations and electron correlations). In the
context of DFT, we note that the exact functional obeys the
consequence, a large number of manuscripts present the results energies).
of molecular orbital (MO) calculations on the neutral mole- property that the HOMO energy corresponds exactly to (minus)
In a number of instances, either the oxidation potential or the
cules. From the outset, it is important to keep in mind that MOs the vertical ionization potential; the electron aﬃnity is then
obtained as (minus)
the HOMOisenergy
of the N + 1-electronnot accessible. A common
correspond to one-electron wave functions, each associated reduction
potential
experimentally
with a specic energy level; of special interest then are the system. At this point in time, however, nding the exact functional remains the
grail ofto
DFT
practitioners.
energies of the highest occupied and lowest unoccupied procedure
isholy
then
use
the optical gap to deduce the missing
Fig. 1 Illustration of gap energiesmolecular
in the molecular
case:S
the
0 denotes
In the molecular case, the fundamental gap is dened as the
orbitals, the HOMO
and
LUMO. Importantly,
Fortheinstance,
in the
absence
diﬀerence between
ionization potential
and electron
aﬃnity: of a measurable reduction
however,
measured(singlet)
experimentally
upon excitation
(singlet) electronic ground state and
S1 what
the islowest
excited
state [or potential.
ionization] is the diﬀerence in energy between the N-electron E
¼ IP " EA. Experimentally, it can be determined via a
the electron aﬃnity would be assessed by subtracting
(considered here to be accessible ground
via one-photon
absorption). The S1 "state
S0 [or potential,
state of the molecule and its N-electron excited
combination of gas-phase ultraviolet photoelectron spectroscopy
energy diﬀerence then corresponds
to1-electron
the optical
gap Eopt. The magniits N !
ionized state].
and optical
electron attachment
spectroscopy;
at the computational
the
gap from
the ionization
potential. As should be clear
In the context
of Hartree–Fock
calculations,
Koop- level, it requires the comparison between the total energy of the
tude of the ionization potential is given
by the
blue vertical
line following
and the
our
discussion,
is(tohighly misleading since it
mans’ theorem, the energy of the HOMO level can be considered from
N-electron
ground
state and that ofthis
the N +practice
1-electron state
magnitude of the electron aﬃnityasby
thethe
green
line; the
IP "theEA
(minus)
vertical vertical
ionization potential
(IP) while
LUMO determine EA) or that of the N " 1-electron state (to determine
the HOMO–LUMO
exciton gap,
binding
energy
built into the optical gap.
energy represents
(minus)
vertical electron aﬃnity
IP). The calculated
i.e., the diﬀerence
between
diﬀerence represents the fundamental
gap, Efund
. Thetheelectron–hole
pair(EA, ignores
where we adopt the IUPAC denition, i.e., the electron aﬃnity is the calculated HOMO and LUMO energy levels, only provides an
binding energy, EB, is given by Efund
" Eopt.
Other complications also arise with this practice when the
the negative of the energy change when adding an electron to the approximation to the fundamental gap; the quality of that

Limitations of the one-electron picture
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neutral species; within this denition, most p-conjugated
systems have positive EA values since the extra electron is
bound). Koopmans’ theorem in fact constitutes a rather crude

18 | Mater. Horiz., 2014, 1, 17–19 approximation since the ionization potential, from a rigorous
standpoint, corresponds to the diﬀerence between the total
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approximation strongly depends on the specics of the computational methodology (for instance, in the case of DFT, it very
much depends on the nature of the exchange–correlation functional and the amount of Hartree–Fock
exchange
it includes).
This journal
is ª
The Royal
The optical gap of a molecule corresponds to the energy of
the lowest electronic transition accessible via absorption of a
single photon. (Note that in both molecule and material cases,
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Many-body problem in density-functional theory
In quantum mechanics, the ground-state N-electron electronic repulsion energy is
expressed (in atomic units) as follows,
Wee =

N(N − 1)
2

Z

Z

Z

dr1
R3

Z

dr2
R3

dr3 . . .
R3

drN
R3

|Ψ0 (r1 , r2 , r3 , . . . , rN )|2
,
|r1 − r2 |

where Ψ0 (r1 , r2 , r3 , . . . , rN ) is the N-electron ground-state wave function.
In DFT, Wee is determined from the ground-state N-electron density n0N (r), which
is a much simpler mathematical object than the ground-state wave function.
For that purpose, the so-called Hartree-exchange-correlation (Hxc) density
functional has been introduced by Kohn and Sham (KS),
Wee ← EHxc [ n ]|n=nN ,
0

where the density is determined exactly from the KS orbitals as follows,
n0N (r) =
Emmanuel Fromager (Unistra)

N
X

|ϕi (r)|2 .

i=1
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Self-consistent equations fulfilled by the KS orbitals:
"
 #
δEHxc n0N
1 2
− ∇r ϕi (r) + vext (r) +
× ϕi (r) = εi ϕi (r),
2
δn(r)
where vext (r) is any external local (multiplicative) interaction potential energy (the
nuclear-electron attraction potential for example) at position r.
 
The additional Hxc potential δEHxc n0N /δn(r) ensures that the density of the
true system is recovered, in principle exactly, from the KS orbitals.
'8 (r), "8
LUMO

'7 (r), "7

HOMO
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Unlike the local density approximation (LDA) and the generalized gradient approximation (GGA), calculations
also plotted. EXX+
with meta-generalized gradient approximations (meta-GGA) are usually done according to the generalized
8 (gKS) formalism. The exchange-correlation potential of the gKS equation is nonmultiplicative,
Kohn-Sham
approximation for
which prevents systematic comparison of meta-GGA band structures to those of the LDA and the GGA. We
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sensitivity of meta-GGAs is much more severe in OEP calculations.
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EgKS
theory methods has made computational design of such
gKS SCAN
is not equal to Eg even with the exact functional, duefunctional
to the
form of
devices possible. The band gap and the band structure are
derivative discontinuity (DD) [7]. The band gap problem has
SCAN
undoubtedly the most important KS(KLI)
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Concept of band structure

The exact KS gap is actually not supposed to match the exact fundamental gap!

Emmanuel Fromager (Unistra)
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N-centered ensemble DFT
Let us introduce the so-called N -centered ground-state ensemble energy E0ξ :


E0ξ = ξ E0N −1 + ξ E0N +1 + 1 − 2ξ E0N ,

where 0 ≤ ξ ≤ 1/2.

E0ξ is linear in ξ and its slope is equal to the fundamental gap.

The N -centered ensemble energy is a functional of the N -centered ensemble density
n0ξ (r)



ξ n0N −1 (r) + ξ n0N +1 (r) + 1 − 2ξ n0N (r),

=

which, by construction, integrates to N for any ξ, hence the name “N -centered”.
Conventional (N -electron) DFT is recovered when ξ = 0

ξ=0

ξ
i.e. EHxc
[n] → EHxc [n] .

E0M

•
•
N

1

N

•
N +1

integral number M of electrons

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
Emmanuel Fromager (Unistra)
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Lieb maximization in N-centered ensemble DFT
∀v ,



Z
E0λ,ξ [v ] = min F λ,ξ [n] + d r v (r)n(r)
n

Z
E0λ,ξ [v ] ≤ F λ,ξ [n] + d r v (r)n(r)
Z
F λ,ξ [n]≥E0λ,ξ [v ]− d r v (r)n(r)

⇔ ∀ v , ∀n ,
⇔ ∀ v , ∀n ,

⇔ ∀n ,



Z
F λ,ξ [n] = max E0λ,ξ [v ] − d r v (r)n(r)
v

∂ F λ,ξ [n]
∂ E0λ,ξ [v ]
=
∂ξ
∂ξ
nothing but a density-functional fundamental gap.

= Egλ,ξ [n] is

If v λ,ξ [n] is the maximizing potential then

v =v λ,ξ [n]

When considering the conventional KS-DFT limit (ξ = 0) we obtain
Eg

=
=

 
  
 
 
Egλ=1,ξ=0 n0N = Egλ=0,ξ=0 n0N + Egλ=1,ξ=0 n0N − Egλ=0,ξ=0 n0N
KS
εKS
L − εH +

 N
ξ
∂ EHxc
n0
∂ξ

= Eg
ξ=0

B. Senjean and E. Fromager, Phys. Rev. A 98, 022513 (2018).
Emmanuel Fromager (Unistra)
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Derivative discontinuity
It has been known for a long time that the true (interacting) and KS gaps do not
match1,2,6 .

This fact appears (more) explicitly within the N -centered ensemble DFT formalism


3−6

:



 N
ξ
 KS
n0
∂ EHxc
Eg = 
ε
+
 L
∂ξ
|

{z

ξ=0


 − εKS
H


≡

KS
ε̃KS
L − εH .

}

derivative discontinuity
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